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According to Ertel's potential vorticity the thermodynamical 
parameters in the equation of state define the forces which move 
the vortices and modify them in space and time. 
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Pichler [1] raised the question if Ertel 's potential vortic-
ity theorem contains new physical points of view in addi-
tion to the "general mathematical summarisation". He 
referred to irreversible processes in connection with vor-
tex development and disintegration. In the following we 
refer in this connection to a non-viscous medium. 

Ertel's potential vorticity theorem [2] is a mathemati-
cal consequence of the hydrodynamics of ideal fluids and 
gases. It contains in this form both Euler 's and Lagrange's 
formulation of the equation of motion and is valid in all 
systems of co-ordinates (not only in inertial ones). Ertel's 
theorem connects Helmholtz ' and Boltzmann's vorticity 
theorems, as well as the circulation theorems of Kelvin 
and Bjerknes as special cases (see also [3-9]). 

Ertel's summarised vorticity theorem can be written in 
the form: 

_D 
Df 

[coik d r ' a dr* ] = 2 dF, [dx'A dxk ] (1) 

where D/Df means the absolute (covariant) and total 
(materialistic) derivative after time, t and d x A dxh=-dxh 

A dx* is a Cartesian differential of the second degree. 
(bik = dkul - djUk, with the velocity field 

dx' 
dt 

Df 

is the acceleration field, p the mass density and p the 
pressure. 

Reprint requests to W. Schröder. 

For a barotropic fluid is p = p (p) or p = const in the 
case of incompressibility. Than is — dhFk= 0 and equa-
tion (1) yields then (in an inertial system) 

-^-djt* = dk u' dxk 

dt 

Helmholtz' vorticity theorem is 

-j- Mih =v! Ji uk - (Ol
k di Uj. 

dt 
(2) 

The conservation of vorticity is generally valid for a bar-
otropic equation of state p = p (p). If the velocity field «, 
has a potential in a moment of time, then the velocity 
field is in all times a potential field 

cok = dk 0. 

For any equation of state wher p depends in addition 
to p also on other thermodynamic quantities, especially 
on temperature T, p = p (p, T), the vorticity is not con-
served. Ertel's theorem gives in this case 

^ [0)lk djc'A dxk ] = 2J Fkdxk 

with 

(3 ) 

di Tdx'a dx' 

F, = d[ 
J _ dk T - dk 

1 diT diT 

Thus it is Ertel's theorem which allows us to introduce 
thermodynamic variables into the vorticity theorem. 
Equations (3) and (4) are the vortex dynamic form of the 
"zeroth main theorem" of thermodynamics. If the veloc-
ity potential <J> does exist, thermodynamic quantities can-
not be defined in Ertel's representation, and the zeroth 
main theorem of thermodynamics is only in the case of 
the non-conservation of vorticity compatible with hydro-
dynamics. 

[colk (LC'A dxk ] = 2 — di 
Df d T ' 

dk T [<±C 'A d x k ] 

(4 ) 

defines according to Ertel's theorem the temperature gra-
dient dk T. 

These consequences of Ertel's vorticity theorem have 
great importance for dynamic meteorology. Develop-
ment, motion and annihilation of atmospheric vortices 
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are based on the existence of temperature gradient 
dj T = grad T in the atmosphere. 

The founder of vortex dynamics, Hermann Helmholtz 
[ 10] remarked in his classical lecture on "Whirlwinds and 
thunderstorms" that the heat balance of the atmosphere 
and rotation of the Earth determine the development, 
form, and annihilation of cyclones. The balance of 
cyclones is therefore the transformation of energy with 
low entropy and high temperature into energy with high-
er entropy and lower temperature, whereas a part of this 
energy is provisionally stored as the kinetic energy of the 
vortex. 

Ertel 's vortex theory includes the rotation of the Earth 
by the introduction of the "absolute vorticity". Thermo-
dynamic forces which produce the vortex are expressed 
by the right side of [4], It follows generally that an 
increase of the average temperature of the atmosphere 
results in an increase of the number and intensity of 
cyclones. Concerning the application of the potential 
vorticity in the synoptic practice, we refer to Klein-
schmidt [11], Hoskins et al. [12], and more general 
Pedlosky [13], 

[1] H. Pichler, Ertelscher Wirbelsatz and irreversible Pro-
zesse. In: Theoretical concepts and observational impli-
cations in meteorology and geophysics. W. Schröder and 
H. J. Treder, Eds., Science Edition, pp. 83-88 (1993). 

[2] H. Ertel, Meteor. Z. 59, 277 (1942). 
[3] H. Ertel, Kanonischer Algorithmus hydrodynamischer 

Wirbelgleichungen. Sitz.-Ber. Dt. Akad. Wiss. Berlin, Kl. 
Math. u. allg. Naturwiss. [1954], Akademie-Verlag, Ber-
lin, 11 p (1955). 

[4] H. Ertel, Ein System von Identitäten und seine Anwen-
dung zur Transformation von Wirbelgleichungen der 
Hydrodynamik, Monatsber. Dtsch. Akad. Wiss. Berlin, 4, 
292-296(1962). 

[5] H. Ertel, Gerlands Beitr. Geophys. 72, 312 (1963). 
[6] H. Ertel, Hydrodynamische Bewegungsgleichungen und 

Wirbelgleichungen in korrespondierenden Formen. 
Monatsber. dtsch Akad. Wiss. Berlin, 5, 362 (1963). 

[7] H. Ertel, Äquivalente Wirbel-Differentialgleichungen der 
Hydrodynamik. Monatsber. Dtsch. Akad. Wiss. Berlin, 5, 
689 (1963). 

[8] H. Ertel, Geofis. pura e appl. (Milano) 55, 119(1963). 
[9] H. Ertel, Hydrodynamische Vertauschungs-Relationen. 

Acta Hydrophys. IX, Akademie-Verlag, Berlin, pp. 115 — 
123 (1965). 

[10] H. v. Helmholtz, Vorträge und Reden. Bd. 2, Vieweg, 
Braunschweig, pp. 139-164(1884). 

[11] E. Kleinschmidt, Meteor. Rundsch. 3, 1 (1950). 
[12] B. J. M. Hoskins, M. E. Mc Intyre and A. W. Robertson, 

J. Roy. Meteor. Soc. 111, 877 (1985). 
[13] J. Pedlosky, Geophysical Fluid Dynamics. Springer, Ber-

lin, p. 710(1987). 


